We study the radiative (E1 and M1) decays of P-wave quarkonia in a strong magnetic field based on the Lagrangian of potential nonrelativistic QCD. To investigate their properties, we implement a polarized wave function basis justified in the Paschen-Back limit. In a magnetic field stronger than the spin-orbit coupling, the wave functions of the P-wave quarkonia are drastically deformed by the Hadronic Paschen-Back effect. Such deformation leads to the anisotropy of the direction of decays from the P-wave quarkonia. The analytic formulae for the radiative decay widths in the nonrelativistic limit are shown, and the qualitative decay properties are discussed.
I. INTRODUCTION
The Paschen-Back effect (PBE) is one of the wellknown phenomena in atomic physics [1] . When a magnetic field stronger than the scale of the spin-orbit (LS) coupling of a system is applied, namely in the PaschenBack (PB) region, the eigenstates of the system are approximately characterized only by L z and S z , where L z and S z are the z components (parallel to the magnetic field) of the orbital and spin angular momenta, respectively. A similar effect occurs even in hadronic systems with finite orbital angular momenta [2] , which we call it the Hadronic Paschen-Back effect (HPBE).
In Ref. [2] , we showed that the wave functions of Pwave charmonia (h c , χ c0 , χ c1 , and χ c2 ) in a magnetic field are drastically deformed by HPBE, and we suggested possible experimental observables of strong magnetic fields. Such a strong magnetic field is expected to be created in heavy-ion collisions at the Super Proton Synchrotron (SPS), the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , where the maxima of the strength reach |eB| ∼ 0.01, 0.1, and ∼ 1.0 GeV 2 , respectively (see Ref. [4] for SPS energy). Under such environments, the HPBE for the P-wave quarkonia can be related to the observables for properties of the S-wave quarkonia [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , heavy-light mesons [19, 28, [32] [33] [34] [35] , and heavy-quark diffusion [36] [37] [38] [39] [40] in a magnetic field through the feed-down from the P-wave quarkonia. In particular, by HPBE, the wave function of a quarkonium with L = 1 is separated into the "polarized" components of L z = ±1 and L z = 0 in a sufficiently strong magnetic field, and such angular dependence of wave functions will lead to the azimuthal anisotropy of the quarkonium decays.
The purpose of this paper is to investigate the anisotropic decays of quarkonia from HPBE and, in particular, to derive analytic formulae in the PB limit. To this end, we apply the potential nonrelativistic QCD (pN-RQCD) framework [41, 42] (see Refs. [43, 44] for a review) which has been successfully applied to radiative decays of bottomonia [45] [46] [47] . Such an approach provides us with systematic understanding based on the power counting scheme, and the extension to the higher order corrections will be straightforward. To study decay properties in the PB limit, unlike the usual manner, we propose a novel approach that implements "polarized" wave functions into the usual pNRQCD framework. Notice that, as a similar problem, the decay properties from the J z polarization of the P-wave quarkonia in vacuum were studied in Refs. [48] [49] [50] . Such a polarization is distinguished only by J z : χ c(b)1 (J z = 0, ±1) and χ c(b)2 (J z = 0, ±1, ±2). This is essentially different from polarization by HPBE in finite magnetic fields, where each eigenstate has a specific configuration with L z and S z . This paper is organized as follows. In Sec. II, we briefly review HPBE and summarize the expected wave-function bases in the strong-field limit. In Sec. III, we formalize pNRQCD with polarized wave functions. In Sec. IV, the scattering amplitudes and decay widths are calculated and anisotropic E1 and M1 decays from P-wave quarkonia are discussed. Section V is devoted to our conclusion and outlook.
II. BRIEF REVIEW OF HPBE
Here we briefly review HPBE found in Ref. [2] . In vacuum, the P-wave quarkonia are classified by spinsinglet h c(b) ( When a magnetic field along the z direction is applied, the spherical symmetry is broken and only J z is strictly conserved. When the magnetic field is stronger than the spin-orbit splitting, i.e., PB region, L z and S z are also conserved approximately. 1 The eigenstates can be represented by the PB configuration as follows:
where tan θ = ρ/z. Φ Lz , Y LLz , and χ SSz in the righthand side are the spatial, angular, and spin components of the wave function, respectively.
By using the representation of Y LLz χ SSz and the Clebsch-Gordon coefficients, the wave functions of the P-wave quarkonia in vacuum are summarized in Table  I . 3 In the spin-triplet states ( The wave functions in the PB limit are shown in Table  II , which was numerically confirmed by the constituent quark model in a magnetic field [2] . Although these bases are approximate forms justified only in the strong magnetic fields, these will be useful for qualitative investigation by simplified wave functions. The properties of the P-wave quarkonia in the PB limit are as follows:
• The states with S z = 0, Y 10 χ 00 and Y 10 χ 10 for J z = 0 and Y 1±1 χ 00 and Y 1±1 χ 10 for J z = ±1, are mixed by the coupling between quark magnetic moments and magnetic field.
• Y 11 χ 1−1 and Y 1−1 χ 11 for J z = 0 are mixed by the tensor coupling even in the PB limit.
Thus, to investigate these eigenstates, we need to construct an effective field theory with hadronic degrees of freedom in the PB limit. 
TABLE II. Wave-function bases of P-wave quarkonia in the PB limit [2] .
III. PNRQCD IN THE PB LIMIT
In this section, we briefly review pNRQCD and construct a novel formalism for quarkonia in the PB limit.
A. pNRQCD Lagrangian
In pNRQCD [41, 42] , an effective field theory is constructed based on the hierarchy of energy scales: m > mv > mv 2 , where m and v (∼ 1/m) are the heavyquark mass and velocity, respectively. The relevant degrees of freedom are heavy quarks in the potential region (p 0 ∼ mv 2 , |p| ∼ mv) and gluons in the ultrasoft region (p 0 , |p| ∼ mv 2 ), while the harder degrees of freedom in the hard (p 0 , |p| ∼ m) and soft (p 0 , |p| ∼ mv) region are integrated out. The Lagrangian contains the colorsinglet field S(R, r) and the color-octet field O(R, r) with the center-of-mass coordinate R and the relative distance r between quark and antiquark, which is given by
where
, and V S is the potential term for the color singlet. For weakly coupled quarkonia, at leading order of α s , it is just the Coulomb potential
and N c = 3. For strongly coupled quarkonia, it is determined by the matching to NRQCD. The trace is over the color and spin indices. L octet contains the kinetic and potential terms for the color-octet states and the mixing terms between singlet and octet states. L γpNRQCD is the interaction term of quarkonia and photons, where the photon energy is limited to be smaller than the scale of mv 2 : k γ < ∼ mv 2 (photons with larger energy are integrated out).
The quarkonium eigenstate of the full pNRQCD Hamiltonian, |H(P, λ) with the center-of-mass momentum P and the polarization λ, is normalized by
The eigenstates at the leading order pNRQCD are defined by
The wave function φ
is an eigenfunction of the leading-order pNRQCD Hamiltonian:
On the other hand, the one photon state |γ(k, σ) with momentum k and the polarization σ is normalized by
B. (Unpolarized) bases of wave functions in vacuum
S-wave in vacuum
First we define the wave functions for
where σ = (σ x , σ y , σ z ) is the Pauli vector. The polarization vector of the n 3 S 1 states, e n 3 S1 (λ), is normalized as e * n 3 S1 (λ) · e n 3 S1 (λ ) = δ λλ . The factor of 1/8π is the normalization factor, and R nL (r) is the spatial part of the wave functions. These wave functions will be used for the calculations of E1 decays from P-wave into S-wave in vacuum in Sec. IV A.
P-wave in vacuum
The wave functions for L = 1 in vacuum [e.g., h c (
, and χ c2 ( 3 P 2 )] are defined as [45] 
wherer = r/|r| = (x,ŷ,ẑ) is the three-component unit vector in position space. The polarization vector and tensor are normalized as e *
C. Polarized bases of wave functions
Next, we define polarized wave functions motivated by PBE in relatively strong magnetic fields (PB region), where the good quantum numbers are J z , L z , and S z (if we neglect the LS and tensor coupling).
1. P-wave (Jz = 0) in the PB limit
We define the P-wave functions in the PB limit. For
2. P-wave (Jz = ±1) in the PB limit 3. P-wave (Jz = ±2) in the PB limit
D. Redefinition of photon polarization vector
Now our quantization axis z is parallel to the magnetic field. Since, in general, the directions of the magnetic field and photon emission are different from each other, the quantization axis for the polarization vector of the photon is required to be redefined. The original polarization vector with the quantization axis z parallel to the photon momentum is defined as org (σ = ±) = 1 √ 2 (±1, −i, 0). This is rotated by an angle α around the original x axis, as shown in Fig. 1 :
Note that when α = 0, this vector agrees with the original one, which corresponds to the photon emission parallel to the z-axis (and the magnetic field). Also, the case for α = π/2 corresponds to the emission on the x-y plane.
IV. RADIATIVE DECAYS IN THE PB LIMIT
In this section, we investigate E1 and M1 decays from the quarkonium eigenstates in PB limit.
A. E1 decays in the PB limit E1 transitions change the orbital angular momentum of quarkonia by ∆L = ±1, while they conserve the spin angular momentum: ∆S = 0. In vacuum, the E1 decay processes such as h c → η c γ and χ c → J/ψγ are possible. On the other hand, in a strong magnetic field, the wave functions of the P-wave quarkonia are modified by HPBE, and we have many decay channels.
The E1 transition operator at leading order is given by [46] 
where ee Q is the quark electric charge (e is the elementary charge, e c = 2/3, and e b = −1/3) and E em is the external electric field. Using this Lagrangian, the scattering amplitude from an initial quarkonium state |H(0, λ) with (M H , P = 0) at rest into a final state |H (P , λ ) with (M H , P ) and one photon state |γ(k, σ) with en-
To calculate the production amplitude of the photon state, we use the external electric field projection on the one photon state:
where we note that the photon polarization vector (σ) is redefined in Eq. (20).
Decays from only HPBE deformation
First, for simplicity, we consider the decays from the wave functions taking into account only the deformation by HPBE. In this case, we neglect the deformation from other sources such as quark Landau levels.
For the decays from the L z = 0 bases [(12), (13) , and (18)] into the S-wave bases [(6) and (7)], the amplitude squared, which is summed over the photon polarization σ, is
where α em = e 2 /4π is the fine structure constant. For L z = ±1 basis [ (14)- (17), and (19)],
Finally, we obtain the analytic formulae for the E1 decay widths:
Note that the widths of the E1 decays from the eigenstates in vacuum (
From these formulae, our findings are as follows:
• The factors of sin 2 α and cos 2 α + 1 indicate the angular dependence of the decay width.
• The E1 decay width by the L z -conserved transition from the basis |L z = 0 for α = π/2 has the factor of 2/3 which is larger than that in vacuum, so that the decays perpendicular to the magnetic field are enhanced, while the decay of |L z = 0 for α = 0, π is forbidden.
• The E1 decay widths by the L z -changed transitions from the bases |L z = ±1 for α = 0, π has the factor of 2/3 which is larger than that in vacuum, so that the decays parallel to the magnetic field is enhanced. The decay width of |L z = ±1 for α = π/2 has the factor of 1/3, and the decays are suppressed.
• The spin of the final spin-triplet S-wave quarkonium states is automatically polarized although the original S-wave basis (7) is not polarized.
It should be noted that these formulae reflect only the deformation of P-wave wave functions by HPBE. These can be justified when the magnetic field is weaker than a relevant scale for deformation of the S-wave and Pwave by other magnetic effects. In fact, the deformation in the ground state of the S-wave quarkonia is induced by Landau levels of heavy quarks, and it is relevant for the heavy-quark mass scale [27, 28] , which indicates that these formulae can be safely applied for |eB| m. For P-wave and excited states, the deformation by Landau levels is expected to be stronger. However, we emphasize that the relevant scale for HPBE is the LS coupling, and HPBE can occur even in a much weaker magnetic field than relevant fields for other effects. Therefore, the formulae, Eqs. (26) and (27) , are justified in the region of relatively weak fields, V LS |eB| V other .
Decays from general deformation
Next, we consider decays taking into account more general deformation of the wave functions, which includes quark Landau levels and the deformation of the potential between the quarks (e.g., see Ref. [51] ) as well as HPBE. In this case, θ in the spherical coordinates (r, θ, φ) is not integrated out from scattering amplitudes, and then they are represented by ρ and z in the cylindrical coordinates (ρ, z, φ). Therefore, the spatial parts of the wave functions should be represented not by R nL (r) but rather by R nL (ρ, z).
For the decays from the L z = 0 states [(12), (13) , and (18)] into the S-wave states [(6) and (7)], where R nL (r) is replaced by R nL (ρ, z), the amplitude squared, which is summed over the photon polarization σ, is
For L z = ±1 states [ (14)- (17), and (19)],
Finally, we obtain the analytic formulae for the E1 decay widths: TABLE III. Summary of E1 decays from P-wave quarkonia in the PB limit into S-wave quarkonia in vacuum. α = 0 (α = π/2) corresponds to the direction parallel (perpendicular) to the magnetic field. Y00χ00, Y00χ10, Y00χ11, and Y00χ1−1 correspond to 1 S0, 3 S1(Sz = 0), 3 S1(Sz = +1), and 3 S1(Sz = −1) states, respectively.
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(cos 2 α + 1) TABLE IV. Summary of E1 decays from P-wave quarkonia in the PB limit into S-wave quarkonia in strong field limit.
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Note that these formulae are more general forms than Eqs. (26) and (27) . If we neglect deformation effects except for HPBE, then we use the spherical coordinate, and θ can be integrated out. Thus the formulae (30) and (31) become equal to Eqs. (26) and (27) represented only by r, respectively.
Decays from quarkonium eigenstates
By using the formulae, Eqs. (30) and (31), and the eigenstates defined in Table II , we can discuss the decay properties from P-wave quarkonium eigenstates in the PB limit. First we see the E1 decay properties into the Swave quarkonia in vacuum, which is summarized in Table   III . Here, we assumed that the spin wave functions of the S-wave quarkonia are the same as those in vacuum. The justification of the assumption depends on the magnetic field dependences of the mixing rates between the spin eigenstates.
In the E1 decays, the spin angular momentum S and its third component S z of the bases are conserved (∆S = ∆S z = 0), while the orbital angular momentum L changes, ∆L = 0. For example, for the P-wave charmonia with J z = 0, we have the four eigenstates in the series with the same principal quantum number n (see Ref. [2] for the mass spectra). The first (lightest) and fourth (heaviest) states,
[Y 10 χ 00 ± Y 10 χ 10 ], go to both η c and J/ψ(S z = 0) by the ratio of 1 : 1, and the decay factor is 3 4 sin 2 α. Therefore, their production parallel to the magnetic field is forbidden, while that on the transverse plane is enhanced. On the other hand, the second and third ones (
go to both J/ψ(S z = +1) and J/ψ(S z = −1) by the ratio of 1 : 1, and the angle factor is 3 32 (cos 2 α + 1). For J z = +1, we have the three eigenstates. The first (lightest) and third (heaviest) states,
[Y 11 χ 00 ± Y 11 χ 10 ], go to η c and J/ψ(S z = 0), and the decay factor is 3 32 (cos 2 α + 1), so that their production parallel to the magnetic field is enhanced, and that on the transverse plane is relatively suppressed. On the other hand, the second state Y 10 χ 11 goes to only J/ψ(S z = +1), and the decay factor is 3 2 sin 2 α, where the factor of 3 2 , which is two times more than the 0 → 0 channel, comes from "pure" (non-mixed) bases of the initial quarkonia. For J z = +2, we have the only one eigenstate, and it goes to only J/ψ(S z = +1). For negative J z , the discussion is the same as that for positive J z .
Next, we comment on how to take into account the mixing between spin eigenstates for S-wave. In Table III , we have used the S-wave eigenstates in vacuum for simplicity. However, the eigenstates of the S-wave quarkonia can be also mixed by the magnetic fields, where the spin-singlet and spin-triplet with S z = 0 are mixed with each other. Such a mixing effect between the S-wave quarkonia under a magnetic field is well known by the constituent quark models [20, 25, 27, 28] , effective Lagrangian [21, 23, 28] , and QCD sum rules [21, 23] . In particular, in the strong-field limit, the mixed configuration of S-wave quarkonia becomes
[Y 00 χ 00 ± Y 00 χ 10 ], while the components with S z = ±1 (Y 00 χ 11 and Y 00 χ 1−1 ) are not mixed. As a result, the E1 decay properties from Pwave in the PB limit to S-wave in the strong-field limit are shown in Table IV . From this table, we find that the decay width from each eigenstate will never change even if we consider the mixing between the final states.
B. M1 decays in the PB limit M1 transitions change the spin angular momentum of quarkonia by ∆S = ±1, while they conserve the orbital angular momentum, ∆L = 0. In vacuum, the M1 decay processes such as J/ψ → η c γ, χ c1 (χ c2 ) → h c γ, and h c → χ c0 γ are possible. Here we focus on decays from P-wave quarkonia in the PB limit.
The M1 transition operator at leading order of 1/m is [45] 
where V (σ·B)/m S = 1 at leading order of 1/m, and B em is the external magnetic field. Using this Lagrangian, the scattering amplitude is
We use the external magnetic field projection on the one photon state:
For the decays from the S z = 0 bases [ (12), (13), (16), and (17)], the amplitude squared is
For S z = ±1 bases [ (14), (15), (18) , and (19)],
Here we used the overlap integral for the spatial wave functions:
∞ 0 drr 2 R nl (r)R n l (r) = δ nn . Finally, we obtain the analytic formulae for the M1 decay widths:
Γ |L=1;1±1 →|L=1;00 γ = 1
Note that the widths of the M1 decays from spin-triplet to singlet in vacuum ( V. Summary of M1 decays between P-wave quarkonia in the PB limit. α = 0 (α = π/2) corresponds to the direction parallel (perpendicular) to the magnetic field.
(cos 2 α + 1) From these formulae, our findings are as follows:
• By the factor of δ nn , only the transition between states with the same n is allowed, which is unlike the E1 decays. The (so-called hindered) transitions with n = n appear as the relativistic corrections.
• The factors of sin 2 α and cos 2 α + 1 indicate the angular dependence of the decay width, which is the same as E1 decays.
• The M1 decay width from the S z -conserved transition between |SS z = 10 and |SS z = 00 for α = π/2 has the factor of 2 which is larger than that in vacuum, so that the decays perpendicular to the magnetic field are enhanced, while the decay of |SS z = 10 for α = 0, π is forbidden.
• The M1 decay widths from the S z -changed transition between |SS z = 1 ± 1 and |SS z = 00 for α = 0, π has the factor of 2 which is larger than that in vacuum, so that the decays parallel to the magnetic field is enhanced. The decay width of |SS z = 1 ± 1 for α = π/2 has the factor of 1, and the decays are suppressed.
By using the formulae, Eqs. (37) and (38) , and the eigenstates defined in Table II , we can discuss the decay properties in the PB limit. The M1 decay properties in the PB limit are summarized in Table V . Here, we listed all the allowed processes, but in the more realistic situation, we have to consider the possible processes within the phase space in momentum space. Since L z of quarkonia is conserved for the E1 transitions, we classified the decay processes by the differences ∆J z (= ∆S z ) of quarkonia.
The S z (J z )-conserved transitions have the angle factor of sin 2 α. This process is possible for the J z = 0 and ±1, but it is forbidden for J z = ±2. The S z (J z )-changed transitions have the angle factor of cos 2 α + 1, and they can be divided into two types: the factors of 
V. CONCLUSION AND OUTLOOK
In this work, we have investigated anisotropic radiative decays from quarkonia in the PB limit. To this end, we have first developed the pNRQCD formalism with the polarized wave functions (12)- (19) . Our main results are the analytic formulae for the E1 [Eqs. (26) , (27) , (30) and (31) ] and M1 [Eqs. (37) and (38) ] decay widths in the PB and nonrelativistic limit. From these formulae, the properties of anisotropic decays are summarized in Table III , IV, and V.
One of the advantages of pNRQCD is to introduce the higher-order corrections in a systematic way. In fact, the formulae for the decay widths include the term with k γ /M H as a correction. k γ /M H is of order, v 2 and this contribution is relatively suppressed, compared with the leading term. Therefore, to include all the higher order corrections at the relative order v 2 in the decay widths, we have to evaluate the corrections from the radiative transition operators and quarkonium states, as Refs. [45, 46] , which is left for future work.
As another approach to evaluate decay widths, we can use the constituent quark model in a magnetic field [20, 25, 27, 28] , and it enable us to more quantitatively estimate radiative decay widths. In particular, the investigation of quarkonia in a magnetic field will be useful for understanding the anisotropy of the confinement potential under strong magnetic fields, as estimated by phenomenological models [52] [53] [54] [55] [56] [57] [58] [59] as well as lattice QCD simulations at zero [51] and finite temperature [60, 61] . The relation between such deformed potentials and decay properties will be also interesting.
In the usual manner [45, 46] , the radiative decay widths in vacuum can be calculated by using the wave function bases, Eqs. (6)- (11), where the scattering amplitude is summed over all the polarization of the photon and the initial and final quarkonia (σ, λ, and λ ). As another approach, we can reproduce the decay widths in vacuum by using the polarized bases (12)- (19) introduced in this work. By combining the polarized bases (12)- (19) and the Clebsch-Gordan coefficients summarized in Table I , we can reconstruct the wave functions of the P-wave eigenstates in vacuum. Then, we sum over the photon polarization σ and J z for the quarkonium. As a result, for arbitrary angular dependence α, we can prove that the polarized bases can lead to the same as the decay widths from the usual bases. Below, we summarize the results of the E1 and M1 decay widths.
E1 decay width in vacuum
The E1 decay width for both the singlet-to-singlet (n 1 P 1 → n 1 S 0 γ) and triplet-to-triplet (n 3 P J → n 3 S 1 γ) transitions is [46] Γ nP →n Sγ = 1
M1 decay width in vacuum
The M1 decay width for the triplet-to-singlet (n 3 P J → n 1 P 1 γ) transition is [45] Γ n 3 P J →n 1 P1γ = 1
For the singlet-to-triplet (n 1 P 1 → n 3 P J γ) transition [45] Γ n 1 P1→n 3 P J γ = 2J + 1 3 δ nn 4 3 α em e 2 Q 1 m 2 k
